In this paper, principal component analysis (PCA) is applied to three different parametrization of interest rates: zero rates, yield curve, and forward rates. This comparative study is complementary to Akahori, Aoki, and Nagata [1] where they claimed that, under the noarbitrage principle, yield curve cannot be a random walk. Conversely the forward curve could be a random walk. In our result of PCA, however, we observed that of the general beliefs. Our empirical results on the number of factors for the zero rates and the yield curve align with the general beliefs. This is a puzzle.
Introduction
With regard to the studies of the term structure of interest rates, a principal component analysis (PCA) is a relevant method. Fase [2] used the PCA to account for the variance among interest rates. Litterman and Scheinkman [3] used PCA to study the volatility of U.S. government bonds. In their empirical analyses, they found that there are three principal factors in the yield curve: the level, the steepness and the curvature. Bühler and Zimmermann [4] , and Hiraki, Shiraishi and Takezawa [5] also indicated similar conclusions. Other than these, there have been plenty of studies applying PCA to interest rates. Here we referred only a few.
The previous analyses were performed, whether implicitly or not, on the basis of a random walk hypothesis (RWH) on the yield curve. The hypothesis is, however, fragile. There could be many alternative random walk hypotheses depending on the parametrizations since the yield curve is a stochastic process in an infinite dimensional space. For example, RWH's on y t (x) and r t (T ) := y(t, T − t) cannot be compatible (To make a distinction, we call the former the yield curve and the latter zero rate). Also, there could be RWH on forward rates ∂ T r, etc. Then one is naturally led to ask: which parameterization is consistent with RWH?
No-arbitrage principle might be a one good criterion. It imposes a restriction on the drift. In Akahori, Aoki, and Nagata [1] (AAN model, hereafter), it is shown mathematically that the restriction is not consistent with RWH on yield curve; while the forward rate model they proposed is consistent with no-arbitrage condition.
The object of the present paper is to perform PCA on the real market data (the daily data of Japanese bonds and American bonds from 2007/6/20 to 2008/3/31 and from 2007/5/15 to 2008/3/31 respectively) in three different ways: to the increments of (i) spot rates (ii) yield curves, and (iii) forward rates on the basis of the AAN model. As a result, we obtain the following striking observation:
• The number of factors are two or three in the cases of (i) and (ii) while it is very large when the PCA is applied on the basis of AAN model in (iii).
Since we do not adopt any hypothesis testing style, we will not make any rigorous remark on the observation. However, the implication of the result could be the following: we need to construct a no-arbitrage model other than random walk model to explain the result. In the rest of the paper, after giving the setting in Section 2, we present the results of our PCA in Section 3. Some concluding remarks will be made in Section 5.
Setting

Notations and definitions
We first explain the zero rates r t (T ), the yield curve y t (x), and the forward rates F t (T 1 , T 2 ) in terms of the zero-coupon bond price P (t, T ). The zero rates r t (T ), by which we mean the spot interest rate during [t, T ], is given by
and the yield curve y t (x) is given by
Here x represents the time to maturity. The forward rates are determined in terms of the zero rates as follows: Table 5 . Japanese forward rates. Table 6 . American forward rates.
forward Here the forward rate F t (T 1 , T 2 ) represents the interest rate of the period [T 1 , T 2 ] pre-agreed at time t. Since we use daily data, we set ∆t = 1/365 year, and PCA's are applied to ∆y t (x j ) := y t+∆t (x j ) − y t (x j ), for j = 1, 2, . . . (precise description of x j 's will be given later), ∆r t (T i ) := r t+∆t (T i ) − r t (T i ) for i = 1, 2, . . . , and 
The data
∆F t (T i , T i+1 ) := F t+∆t (T i , T i+1 ) − F t (T i , T i+1 ) for i = 1, 2, . . .
The results of PCA's
Zero rates
The results of PCA applied to the increments of the zero rates in Tables 1 and 2 are given in Table 3 . The results in Table 3 show that both Japanese and American cases need just two factors to reach the 95% level.
Yield curves
To apply PCA for the yield curves y t (x j ) = r t (t + x j ) for j = 1, 2, . . . , we need to interpolate the above data since we do not have the data of r t (t + x j ) for t + x j ∈ {T i }. The formulas for our interpolations are the following: For (t, x j ) with t+x j ∈ T i , one can choose some i such that T i < t + x j < T i+1 . We then set
The results of PCA applied to the increments of the yield curves are presented in Table 4 .
Forward rates
First, we calculate the forward rates for the period (T i , T i+1 ) at each time t using formula (1). The results of the computation are shown in Tables 5 and 6 .
Second, the increments of the forward rates during (t, t + ∆t] of each period [T i , T i+1 ] are calculated and the results are shown in Tables 7 and 8 . The results of PCA applied to the data in Tables 7 and 8 are shown  in Table 9 . The numbers of factors needed to reach the 95% level for the Japanese and the American case are 27 and 24, respectively. This is in sharp contrast with the common belief. Table 7 . The increments of Japanese forward rates. Table 8 . The increments of American forward rates.
increments 
(ii) intercept case:
Y t = µ + ρY t−1 + e t for t = 1, 2, . . . , where Y 0 = 0, ρ is a real number, and {e t } is a sequence of independent normal random variables with mean zero and variance σ 2 .
Under the null hypothesis that ρ = 1, the time series Y t converges to a stationary time series as t → ∞, if |ρ| < 1. If |ρ| = 1, the time series is not stationary and prone to transform by differencing. The time series with ρ = 1 is sometimes called a random walk. Table 10 shows DF statistics for each variable of the yield curves. Note that Symbols * and * * denote rejections of the hypothesis of a unit root at the 0.05 and 0.01 significance levels, respectively. Tables 11 and 12 show DF statistics for spot rates. According to the DF statistics, the null hypothesis cannot be rejected for the yield curves and the spot rates models. But it was shown in [1] that under the no-arbitrage principle, yield curve cannot be a random walk.
Next , Tables 13 and 14 show DF statistics for forward rates. It also cannot reject the null hypothesis for forward rates model around no intercept (zero mean). This is consistent with what we expect.
Conclusion
The empirical results we obtained in this paper shows that the number of factors of the forward rates are much greater than that of the general beliefs (two or three factors). Our empirical results on the number of factors for the zero rates and the yield curve align with the general beliefs.
The result implies that one cannot stick to both RWH and no arbitrage principle. In the modern finance, however, the latter is indispensable. Then, we should search for an alternative model other than random walk model to explain the observed reduction of the factors in PCA's. Table 13 . Unit root tests for Japanese forward rates. 
Dickey-Fuller unit root tests Japanese Maturities
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